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Microscopic origin of spontaneous polarization in 
ferroelectric S z  liquid crystals 

by B. KUTNJAK-URBANC*t and B. AEKS$ 
? J. Stefan Institute, Jamova 39, 61 11 1 Ljubljana, Slovenia 

$Institute of Biophysics, Medical Faculty, LipiEeva 2, 61 105 Ljubljana, Slovenia 

(Received 3 May 1994; accepted 15 July 1994) 

The origin of spontaneous polarization in the ferroelectric smectic C* phase is investigated within 
a mean-field microscopic model which describes the coupling between the tilt of molecules from 
the normal to the smectic layers and the rotation of a molecule around its long axis. The 
mean-field potential is studied which takes into account a chiral polar and a non-chiral 
quadrupolar biasing of the rotation of molecules around the molecular long axes. Each molecule 
is characterized by three transverse molecular axes: the chiral axis which turns parallel to the 
macroscopic Cz axis at small tilts, the polar axis in the direction of the transverse dipole moment 
and the quadrupolar axis which tends to be parallel to the C2 axis at very large tilts. A numerical 
analysis of the model shows that there are four different types of spontaneous polarization 
dependent on the temperature, including the sign-reversal type. The influence of three 
microscopic parameters, i.e. two angles between the three characteristic axes and the relative 
strength of the chiral versus the non-chiral biasing, on the type of spontaneous polarization is 
investigated. The relationship between the microscopic and the equivalent Landau model is 
established and discussed. 

1. Introduction 
The existence of ferroelectricity in chiral smectic C* 

(SE) systems was first predicted by Meyer et al. [l]. In the 
ferroelectric SE phase, the spontaneous polarization is a 
result of an ordering of molecular short axes which carry 
electric dipole moments. However, the average dipole 
moment within a smectic layer is much smaller than 
the dipole moment of an individual molecule [2]. Thus, the 
energies which give rise to the polar ordering of short axes 
should be comparable to the thermal energy. Thermal 
fluctuations of the molecular short axes, which are 
neglected in a phenomenological, Landau-like approach, 
are expected to play an essential role, especially in the limit 
of disappearing chirality where the Landau model gives 
incorrect predictions [3]. 

In the high-temperature smectic A (SA) phase the 
molecular director is parallel to the normal to the smectic 
layers. As far as the ordering of transverse molecular axes 
is considered, molecules feel on average an axially 
symmetric potential, so that there is no preferred direction 
of the molecular short axes, i.e. no transverse spontaneous 
polarization. The axial symmetry is broken at the phase 
transition from the SA phase, with the local symmetry D,, 
to the SE phase, with the local symmetry C2, where the 
director is tilted from the normal to the smectic layers. 

* Author for correspondence. 

In both smectic phases, the molecules possess the 
head-to-tail symmetry: each long axis within a layer can 
be oriented either up or down with equal probability, so 
that there is no net longitudinal polarization. In the SE 
phase, the ordering of molecular long axes is usually 
described by the tilt 5 = (tl, t2) which is a projection of the 
director into a smectic plane. The tilt as the primary order 
parameter induces the in-plane spontaneous polarization 
P = (Px, Py) which is non-zero only along the Cz axis 
is thus perpendicular to the tilt <. The spontaneous 
polarization is treated as a secondary order parameter. 
The first phenomenological description of the SAC) S ;  
phase transition was given by Pikin and Indenbom [4]. 
In the Pikin-Indenbom model, the magnitude of the 
polarization P = IPI within a layer is proportional to 
the magnitude of the tilt 0 = [<I. As the tilt magnitude 
0 d ( T c  - T ) ,  where T, is the transition temperature, the 
Pikin-Indenbom model yields a spontaneous polarization 
which increases monotonically with lowering tempera- 
ture. Due to a systematic and qualitative disagreement 
of the Pikin-Indenbom model with the measured thermo- 
dynamic properties [ 5 ] ,  this model has been extended 
[5-81 by some additional invariants of higher order. The 
essential point of the extended model is the presence of a 
non-chiral biquadratic coupling [6] between the two order 
parameters, which allows also for a more general 
temperature dependence of the spontaneous polarization 
[9]. Constructing a simple microscopic model [3,5,10], 
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the biquadratic coupling has been shown to originate in a 
quadrupolar ordering of transverse molecular axes which 
is usually much larger than the polar ordering, except just 
below the critical temperature. This microscopic model 
gives correct results in the limit of disappearing chirality 
and is equivalent to the extended Landau model [5-8] in 
the limit of large chiralities. 

The simple microscopic model is not general enough to 
allow for such a complicated temperature dependence of 
the spontaneous polarization as the sign-reversal type 
which has been found in several compounds [ l l ] .  
Recently, Meister and Stegemeyer [ 121 have introduced a 
microscopic model which is an extension of the simple 
microscopic model. This microscopic model yields an 
alternative cxplanation [ 121 of the sign-reversal type of 
polarization [ 1 I]. Moreover, recent investigations [ 131 
of the magnitude and the sign of the spontaneous 
polarization as a function of the molecular structure of a 
series of cyclohexanone derivatives used as chiral dopants 
seem to support the microscopic model. 

The aim of the present paper is the analysis of the 
microscopic model. We are interested in different types of 
spontaneous polarization and their dependence on the 
temperature. In addition we discuss the relation between 
the microscopic and the corresponding Landau model and 
derive the relationships between the parameters of the two 
models. 

2. The microscopic model 
In order to describe the model, three characteristic 

molecular axes are introduced. Molecules are treated as 
rigid, so that all three molecular axes are assumed to be 
fixed: as a molecule rotates around the long axis, all three 
characteristic axes rotate in such a way that the angles 
between the three axes remain unchanged. We associate 
the polar axis p with the direction of the transverse electric 
dipole moment of a molecule. As already investigated 
by others [14], the transverse dipole moment is not 
necessarily parallel to the C2 axis. The chiral molecular 
axis E is defined as a molecular short axis which orients 
parallel to the Cz axis at small tilts, i.e. at temperatures just 
below the critical temperature T, of the SA CJ S$ phase 
transition. The quadrupolar axis q is defined as the 
molecular axis which turns parallel to the C2 axis at 
very large tilts, i.e. at low temperatures. Meister and 
Stegemeyer [ 121 derived the microscopic model from 
the simple microscopic model [3,5,10] by omitting the 
assumption that the transverse chiral, polar and quadrupo- 
lar molecular axes are parallel. We denote the angle 
between the chiral and the polar axis by and the angle 
between the chiral and the quadrupolar axis by ci0 as shown 
in figure I .  The angle PO can assume any value between 

~ .n and 71 and a0 any value between - d 2  and d 2  
(the character of the quadrupolar ordering is such that the 

angles ciO and m0 + .n are equivalent; the angle yo is chosen 
to be 1x01 I 7d2 because such an orientation is energetically 
preferable for the chiral axis). 

We define a single-particle potential V ( $ )  for one 
molecule in the mean field of other molecules within a 
layer 

V($)  = - u l a c o s $  - a*82cos2($ + a0). ( 1 )  

where $ is the angle between the chiral axis E of the 
molecule and the Cz axis. In figure 1, the three character- 
istic molecular axes are presented in the xy-planc 
perpendicular to the director which is parallel to the z axis. 
Here the y axis is parallel to the C2 axis. The coefficients 
a l  and a2 are assumed to be positive. 

The potential V($)  reflects breaking of the axial 
symmetry within a layer at the SA t) SE phase transition 
in the polar (the a1 term) and in the quadrupolar way 
(the u2 term). The polar term is of a chiral origin and 
corresponds macroscopically to the linear coupling 
between the tilt and the spontaneous polarization. The 
quadrupolar term is present in non-chiral systems as well, 
and yields the quadratic coupling between the two order 
parameters. The simple microscopic model [3 ,5 ,  101 is a 
special example of the above model for yo = 0 and Po = 0. 

At small tilts, 8 + 0, when the first term in the potential, 
given by equation ( 1), prevails, the most favourable 
orientation is $ = 0 (molecules tend to align their chiral 
axes along the C2 direction), whereas at large tilts, 8 + x ,  

when the second term in the potential V ( ~ )  prevails, the 
most favourable orientation is $ = - a0 (molecules tend 
to align their quadrupolar axes along the C 2  direction). 
This is graphically presented in figure 2, where the angles 
cio and are chosen in such a way as to yield the 
sign-reversal type of the polarization. Due to the head-to- 
tail symmetry, the two orientations (up and down) are 
equally favourable: the other orientation is obtained by 
rotating the molecular axes by n around the C 2  axis as 
shown in figure 2. In such a way, only the polarization 
along the Cz axis can be different from zero. The graphic 

Figure 1. Definition of three Characteristic transverse molecu- 
lar axes for a molecule oriented up: the chiral axis E, the 
quadrupolar axis g and the polar axis p are i n  the plane 
perpendicular to the long axis. The y axis is parallel to the 
Cz axis. 
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- 
0 4 0  PD 0-m PU 

The orientation of the three molecular axes (a) at 
small tilts, 0 + O ,  and ( b )  at very large tilts, 0 + a,. The 
angles uo = - n/3 and Po = n/4 are chosen in such a way 
as to yield the sign-reversal type of spontaneous polariza- 
tion. Both orientations, for long axes oriented up (U) and 
down (D), are depicted. 

Figure 2. 

presentation in figure 2 shows the orientation with the 
lowest energy. In the limit of large chirality, where thermal 
fluctuations can be neglected, the state with the lowest 
energy corresponds also to the average orientation. 

The probability for a given orientation $ to occur is 
proportional to the Boltzmann factor exp [ - V(t,b)/k~T] 
and the averages (cos $), (cos 2$), etc., are calculated by 
standard methods. We are interested in the spontaneous 
polarization P which is proportional to the average 
(cos ($ + PO)) if one takes into account the head-to-tail 
symmetry (see figure 2) 

( 2 )  

Here e is a number density of molecules andp is an electric 
dipole moment of the molecule perpendicular to the long 
axis. The angle PO # 0 expresses the fact that the transverse 
electric dipole moment of an individual molecule is in 
general not parallel to the C2 axis. 

We introduce dimensionless quantities 0, P and a 
dimensionless chiral parameter P 

P = ep(c0s (* + P o ) ) .  

so that the potential V($) can be written in a dimensionless 
form 

= - 2V(2)P0 cos * - 2O2c0s 2($ + ao). (4) b T  
The parameter p measures the importance of the chiral 
polar term al versus the non-chiral quadrupolar term u2. 

The polarization P can be calculated as a function of 
O2 a Tc - T numerically. However, for small tilts 0, an 
analytic expression is found by expanding the exponent in 
the Boltzmann factor, whereas for very large tilts 0 the 
Laplace’s method [15] can be used to find the asymptotic 
behaviour 

P = go cos go, 0 -0, (5  a )  

P - cos (fla - aoyV2, 0 + 03.  (5  b) 
and 

t 

p.005 

I I I 
-40 -2 0 00 2 0  40 

W 
The mean-field potential V(+),  normalized to the 

thermal energy ksT as a function of +, i.e. the orientation 
of the short molecular axes has two minima in the interval + E [ - n, n]. The energy difference between the two 
minima is equal to ZV‘/Z~B~O. 

e =o.z 
-020 

Figure 3. 

The asymptotic result given by equation ( 5 6 )  is not 
surprising: at very large tilts 0 the first term in the potential 
(4) is small compared to the second term (@ >> 2p2), so 
that the most probable configuration is $ = - Q. 

As presented in figure 3, the potential V($)/(ksT),  given 
by equation (4), has, within the interval $ E [ - n, n], two 
minima (the energy difference between the two minima 
divided by the thermal energy ~ B T  is of the order IP l0 ) .  
If the most probable configuration at 0 -+ $ = - a0 is 
also to be the average configuration, so that (cos ($ + PO)) 
can be replaced simply by cos (PO - NO), one of the minima 
should be much more occupied than the other one, and thus 
p10 >> 1. 

3. Different types of the spontaneous polarization 
Since the orientation with the lowest energy changes 

with the temperature (at small tilts, the chiral axis is 
parallel to the CZ axis, whereas at large tilts, the 
quadrupolar axis turns parallel to the C2 axis), the average 
molecular orientation also rotates around the long axis 
as the temperature changes. Thus, various types of 
spontaneous polarization dependent on the temperature 
are expected for different values of the two characteristic 
molecular angles. 

At a fixed chiral parameter B, different types of the 
spontaneous polarization P dependent on the square of 
the tilt 0’ a Tc - T can be classified into four groups. In 
figure 4, the four different types of the spontaneous 
polarization P obtained numerically are depicted: the 
sign-reversal type ( P  changes it sign), the monotonic type 
( P  grows monotonically with 0’ T, - T, its second 
derivative d2P/d(02)2 is negative), the S-shaped type ( P  is 
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Figure 4. The four different types of spontaneous polarization are presented by full lines: (a )  the sign-reversal type, (h)  the monotonic 
type, (c) the S-shaped type and ( d )  the non-monotonic type. The dotted curves correspond to the polar ordering which incrcases 
monotonically on lowering the temperature. 

a monotonic function of 02, but the second derivative 
d2P/d(02)2 changes its sign) and the non-monotonic type 
( P  is positive, but a non-monotonic function of 02). 
Although the polarization itself it not necessarily a 
monotonic function of the temperature, the polar ordering 
which is proportional to ~ ( ( C O S  + (sin I))2) increases 
monotonically with decreasing temperature as is also 
shown in figure 4. 

We consider only such angles a. and PO which yield a 
positive polarization in the limit 0 + 0, i.e. the angle Po 
assumes the values between - 7d2 and 7d2. Further we 
restrict ourselves to xo E LO, 71/21. One can cover the area 
a0 E [ - 7r/2,0] by taking into account the head-to-tail 
symmetry: the system is invariant under the transform- 
ation a. + - a. and PO + - Po (inversion in the plane). 

The areas of different types in the parameter space 
(ao,Bo) are presented in figure 5 ,  where the chiral 
parameter P increases from = 0.01 to 5. The boundaries 
between the areas of different types have been determined 
numerically: on a discrete lattice (20 X 40) of the 

parameter space (xu, PO), the type of spontaneous 
polarization P has been determined by checking the 
reversal of the sign of P(x)  or dP(x)ldx or d2P(x)/&. 
Here x = O2 E [0, aka,], where at each value of the chiral 
parameter /3 the value O,, has been chosen to be large 
enough to reach the asymptotic regime where the 
expression (5 b)  is valid. The area of the sign-reversal type 
of polarization is independent of the chiral parameter and 
assumes 4th of the total area. The sign-reversal type of 
polarization occurs at such combinations of the two angles 
which yield negative asymptotic values of the polariza- 
tion, i.e. cos (Po  - N O )  < 0 (see figure 2). The area of the 
S-shaped polarization is larger at smaller values of the 
chiral parameter P and goes to zero at large values of ,!I, 
whereas the area of the non-monotonic type of spon- 
taneous polarization increases with P. In the limit of a very 
large chiral parameter P, the non-monotonic type occurs 
at C I ~  E (Po, Po + 7d2) which can also be understood by 
considering the construction related to the orientation with 
the lowest energy in figure 2. 
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-1.0 -0.5 0.0 0.5 1 .o 
2PoIn 2 P o h  

Figure 5. Diagrams show the areas of the four different types of spontaneous polarization in the parameter space of the two angles 
(NO, BOO,. The four different diagrams are associated with the following values of the chiral parameter, P =  0.01,0.10, 0.50, 5.0. 
The area of the sign-reversal type is denoted by (i), (ii) corresponds to the monotonic type, (iii) to the S-shaped type and (iv) 
to the non-monotonic type. 

4. Relationship between the microscopic and the 
Landau model 

Here we want to compare the microscopic model to the 
phenomenological Landau model. We are interested in a 
relationship between the parameters of the two models. 
Especially, we would like to show how to describe the 
sign-reversal type of the spontaneous polarization within 
the Landau model. 

In the Landau model the part of the free energy density 
which depends on the polarization P = (px, py) reads 

where the tilt < is the primary and the polarization P the 
secondary order parameter of the S A H S ~  phase tran- 
sition. For simplicity we omit the flexoelectric term in the 
expression given by equation (6). 

The free energy density expression can be calculated on 
the basis of the microscopic model via the statistical sum 
over all possible molecular orientations t,b by taking into 
account the mean-field potential V($) ,  given by equation 
(1). It can be shown that the coefficients in the free energy 
density expansion in equation (6) are related to the 
coefficients al and a2 of the microscopic model 

a1 a2 
P @P 

C=A-- ,  sz = L2c0s2ao 2' 

where A is given by 

A- ' = cos Po. (8) 

The relationships, given by equation (7) and (8), are 
obtained by taking into account the lowest order terms 
in the free energy density expansion. Within the 
simple microscopic model, the relationship between the 
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488 Microscopic  origin of spontaneous polarization 

microscopic and the macroscopic parameters is estab- 
lished by putting A = 1 and cxo = 0 into equations (7). 

After deriving the relationships, given by equations (7) 
and (8), we would like to find out how to account for 
different types of spontaneous polarization within the 
Landau model. It turns out that in order to describe also 
the sign-reversal type of the spontaneous polarization, 
another piezoelectric coefficient ti of a higher order has to 
be added to the free energy density expansion, given by 
equation (6), in addition to the piezoelectric coefficient C 
as has been predicted already [9]. The corresponding term 
which should have an opposite sign to the sign of the 
piezoelectric term has to be of an invariant form 

(9) 
so that the polarization would change its sign at the 
temperature where C + ti@ = 0. Microscopically, the 
constants C and ti are related to nl, U Z ,  a0 and PO through 
the relationships 

u1u2 sin sin 2ao 
. (10) 

The two macroscopic coefficients E and q are according to 
the relationships in equations (7) and (8) of an enthropic 
origin. The expression for E in equations (7) equals the 
Curie free dipole susceptibility with the renormalized 
electric dipole moment p cos PO. 

ti= -~ a1 c= 
(cos p")p ' 2pkBT C O S ~  Po 

5. Discussion 
To summarize, we have studied the microscopic model 

with three characteristic molecular axes which accounts 
for several different types of spontaneous polarization 
which, are dependent on the temperature, depending on the 
values of the two angles between the three molecular axes. 
The relationship between the microscopic and phe- 
nomenological parameters has been established, showing 
that in order to account also for the sign-reversal type 
of spontaneous polarization, a piezoelectric invariant of 
higher order should be added to the Landau free energy 
expansion. 

According to the microscopic model there are, in 
addition to the tilt which is the primary order parameter of 
the SA t) Sc phase transition, another two order parame- 
ters which are induced by the tilt and are thus secondary 
order parameters. Both are related to the partial ordering 
of molecular short axes. The polarization which is a result 
of the polar biasing of the rotation around molecular long 
axes is present in chiral systems only, whereas the 
quadrupolar order parameter which is a consequence of a 

bipolar ordering of molecular short axes exists in the 
non-chiral SC phase as well. Regarding the relaxation 
modes related to fluctuations of the three order parameters 
around the equilibrium, three relaxation modes are 
expected to exist in the SA phase: one is the in-phase 
excitation mode (the soft modc), and the other two are 
related to the out-of-phase relaxation of the polarization 
and the tilt (the polarization mode) and the quadrupolar 
order parameter and the tilt (the quadrupolar mode), 
respectively. The quadrupolar mode could not be detected 
in a dielectric experiment due to its non-polar character, 
but it could be in principle detected optically. One of the 
predictions of the microscopic models is therefore the 
existence of the quadrupolar order parameter which is 
expected to affect the fluctuation spectrum of the chiral 
and non-chiral SA and Sr  (SC) phases. 

Support from the Ministry of Science and Technology 
of the Republic of Slovenia is acknowledged. 
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